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Abstract
J. Lurie proved in [Lu1] that for K ∈ Set∆, C ∈ Cat∆, f : C[K]→
Cop an equivalence of simplicial categories, we have a Quillen equiv-
alence St+f : (Set
+
∆)/K ⇄ (Set
+
∆)
C : Un+f . We prove a partial con-
verse to this theorem at the level of Segal categories, namely that if
L(Set+∆)/K is isomorphic to L(Set
+
∆)
C in Ho(SePC), then LC[K]op and
LC are equivalent as Segal pre-categories. We interpret this as indicat-
ing that the Segal category of pre-stacks L(Set+∆)
C on C is equivalently
given by a choice of simplicial set K, relative to which phenomena in
Top+ = L(Set+∆) are considered, a sort of relativity principle. If we
further take the Bousfield localizations of L(Set+∆)
C[K]op ≃ L(Set+∆)/K
and L(Set+∆)
C with respect to τ -hypercovers, τ a Segal topology on
LC, then regarding LBous(L(Set
+
∆)
C) as the Segal topos of natural phe-
nomena on C, we also obtain an isomorphism LBous(L(Set
+
∆)
C[K]op) ∼=
LBous(L(Set
+
∆)
C) of Segal topoi of stacks giving the same representa-
tions of natural phenomena, concurrently with the equivalence LC[K]op ≃
LC, which we interpret as a weak universality of natural laws
∗rg.mathematics@gmail.com
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1 Introduction
Lurie showed in [Lu1] that starting from the usual Grothendieck construction
whereby one obtains a category Cf
p
−→ C cofibered in groupoids over C from
a functor f : C → Grpd valued in groupoids, one gets, via the simplicial
nerve functor, a left fibration in Set∆: N(Cf )
Np
−→ N(C). Generalizing this
to the ∞-categorical setting, Lurie is led to proving that one has a Quillen
adjunction:
(Set∆)/K ⇄ (Set∆)
C
for K ∈ Set∆, C ∈ Cat∆, C[K] → C
op a morphism in Cat∆. Here (Set∆)/K
is endowed with the contravariant model structure (see Section 2), and the
projective model structure is put on (Set∆)
C. Note that in the contravariant
model structure it is right fibrations that correspond to fibrant objects. The
choice of such a model structure is owing to the fact that right fibrations are
technically easier to work with than are left fibrations. Further if C[K]→ Cop
is an equivalence of simplicial categories, then one obtains a Quillen equiva-
lence above.
Since our aim is to apply this formalism to fibered categories, it is prefer-
able as pointed out in [Lu1] to work with marked simplices instead. The
bridge between both formalisms is warranted by virtue of the fact proved in
[Lu1] that we have a Quillen equivalence:
(Set∆)/K ⇄ (Set
+
∆)/K
for all K ∈ Set∆, where we have put the contravariant model structure on
(Set∆)/K and the Cartesian model structure on (Set
+
∆)/K (see Section 4). In
the marked setting we have a Quillen adjunction:
(Set+∆)/K ⇄ (Set
+
∆)
C
for every morphism f : C[K] → Cop in Cat∆. Further if f is an equivalence,
this adjunction becomes a Quillen equivalence. We prove a partial converse
to this result, namely that after taking a simplicial localization of such sim-
plicial categories ([DK1], [TV1]), we always have L(Set+∆)/K to be weakly
equivalent ([Hi]) to L(Set+∆)
C[K]op, and that if the latter Segal category is
isomorphic to L(Set+∆)
C in Ho(SePC), the homotopy category of Segal pre-
categories, i.e. the category of Segal categories, then LC[K]op → LC induced
2
by C[K]op → C is an equivalence in SePC.
To go a little further, it is not a Segal topos of prestacks one should
consider. For consistency purposes, as argued in [RG1] and [RG2], it is
really stacks we should consider. We show that if we endow LC with a
Segal topology, there is an associated topology on LC[K]op as well, hence
taking Bousfield localizations of L(Set+∆)
C and L(Set+∆)
C[K]op with respect to
their respective hypercovers, we get isomorphic Segal topoi of stacks. In
other terms L(Set+∆)
C[K]op ∼= L(Set+∆)
C implies getting isomorphic representa-
tions of natural phenomena after Bousfield localization, and the base Segal
categories LC[K]op and LC giving rise to such phenomena are equivalent,
i.e. correspond to the same intrinsic natural laws. This would point to a
universality of physical laws. Further this is for K fixed, hence we con-
sider phenomena in reference to K, via the weak equivalence L(Set+∆)/K ≃
L(Set+∆)
C[K]op. Had we picked another simplicial set, we would have ob-
tained another isomorphismL(Set+∆)
C[K]op ∼= L(Set+∆)
C, hence another homo-
topy class of LC[K] ∈ SePC. In other terms we have a sort of relativity
principle whereby the point of view (being K) dictates what are the physical
laws that one should consider. This is partly the vision Grothendieck had as
far back as [G1], namely that Physics should occur in higher categories.
The foundational results, and statements pertaining to the adjunctions
whose converse we prove, are all covered in full in [Lu1] and are just included
here for ease of reading. No originality is claimed. We just reorganize the
presentation slightly for our purposes, and notations may vary only slightly.
Our references for model category theory are standard ([Ho], [Hi]). For Segal
categories we use [TV1], [TV2], [T], [P] and [HS]. For stacks we use [TV3]
and [TV4].
In Section 2 we discuss the contravariant model structure on (Set∆)/K .
In Section 3, we give the unmarked Quillen equivalence (Set∆)/K ⇄ (Set∆)
C
of [Lu1]. Before making the transition to the marked case, we introduce
marked simplicial sets in Section 4 and present the cartesian model struc-
ture on (Set+∆)/K for K ∈ Set∆ as done in [Lu1]. In Section 5 we give the
Quillen equivalence of [Lu1]: (Set+∆)/K ⇄ (Set
+
∆)
C. In Section 6 we have
to define Top+ = LSet+∆ since we will be using the strictification theorem
L(Set+∆)
C ∼= RHom(LC, LSet+∆). Finally in Section 7 we give the main results
of the paper, everything before, with the exception perhaps of Section 6,
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being initially covered elsewhere.
Acknowledgments. The author would like to thank T. Pilling for ongoing
discussions that are both stimulating and illuminating, as well as for the
referee of this paper who pointed to an inconsistent claim in a first version
of this work.
2 Contravariant model structure on (Set∆)/K
For K ∈ Set∆ fixed, one puts a model structure on (Set∆)/K that Lurie refers
to as the contravariant model structure. In order to do so, we need a few
definitions. Following [Lu1], one defines the homotopy category of spaces
by H = W−1Set∆ where W is the set of weak equivalences in Set∆. If CG
denotes the category of compactly generated, Hausdorff topological spaces,
one has a functor [ ] : CG → H, X 7→ [X ], [X ] the homotopy class of X .
One also has the geometric realization functor | | : Set∆ → CG. Denote
the composition by γ = [ ] ◦ | | : Set∆ → H. Applying γ to each of the
morphism spaces of a simplicial category C gives a H-enriched category that
one denotes by hC. For K ∈ Set∆, one defines the homotopy category hK
of K by hK = hC[K], where C[K] ∈ Cat∆ is defined in [Lu1](we won’t
need its construction). Recall that if one endows Set∆ with the Joyal model
structure, one has a Quillen equivalence C : Set∆ ⇄ Cat∆ : N , where N is the
simplicial nerve functor ([C]). One says f : K → L in Set∆ is a categorical
equivalence if hf : hK → hL is an equivalence of H-enriched categories.
Recall the join of two simplicial sets K and L: if I is a nonempty, finite,
linearly ordered set, one has:
K ⋆ L =
∐
I=J∪J ′
K(J)× L(J ′)
In particular one defines the left cone K⊳ as being ∆0 ⋆K (and the right cone
by K⊲ = K ⋆∆0). Now a map X → Y in (Set∆)/K is said to be a covariant
equivalence if it induces a categorical equivalence:
X⊳
∐
X
K → Y ⊳
∐
Y
K
One says a map in (Set∆)/K is a covariant cofibration if it is a monomor-
phism of simplicial sets, and it is a covariant fibration if it has the right
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lifting property with respect to weak covariant cofibrations. Covariant fibra-
tions, cofibrations and equivalences determine a left proper, combinatorial
model structure on (Set∆)/K called the covariant model structure ([Lu1]).
The contravariant model structure on (Set∆)/K is obtained by consider-
ing the same cofibrations, contravariant equivalences f are those maps such
that f op is a covariant equivalence in (Set∆)/Kop, and contravariant fibrations
are those maps f such that f op is a covariant fibration in (Set∆)/Kop.
3 Unmarked Quillen equivalence
The construction that follows is done in full in [Lu1], and is reproduced
here for completeness’ sake, albeit with different notations. Let K ∈ Set∆,
C ∈ Cat∆, f : C[K] → C
op. Let ∗ be the cone point of X⊲, X ∈ (Set∆)/K .
By definition of X , one has an induced map C[X ] → C[K]. Consider the
pushout diagram:
C[X ]

// C[K]
f
// Cop

C[X⊲] // Γ
where:
Γ = Γ[K, C, f, X ] = C[X⊲]
∐
C[X]
Cop
which can be seen as a correspondence:
Γ[K, C, f, X ] = Corr[K, f,X ](Cop → {∗})
which itself can be viewed as:
StfX : C → Set∆
c 7→ MapΓ(c, ∗)
an element of (Set∆)
C, for each X ∈ (Set∆)/K , giving rise to a straightening
functor:
Stf : (Set∆)/K → (Set∆)
C
X 7→ Stf(X) = StfX
5
There exists an adjunction:
Stf : (Set∆)/K ⇄ (Set∆)
C : Unf
which turns out to be a Quillen adjunction if one endows (Set∆)/K with the
contravariant model structure and (Set∆)
C with the projective model struc-
ture. Further if f is an equivalence of simplicial categories, then Stf ⊣ Unf
is a Quillen equivalence. All this is proved in [Lu1].
4 Marked simplicial sets
As observed in [Lu1], if one wants to regard objects X ∈ (Set∆)/K func-
torially, one is led to regarding X → K as a Cartesian fibration, fibrant
object in (Set∆)/K if this category is endowed with a model structure other
than the contravariant model structure, one which necessitates considering
marked simplicial sets, which are essentially simplicial sets with a collection
of marked edges. Given the interpretation we want to draw from (Set∆)/K ,
we are led to considering this new model structure, called the Cartesian
model structure, which builds up on the one we introduced prior.
As proved in [Lu1], we have a Quillen equivalence:
(Set∆)/K ⇄ (Set
+
∆)/K
for all K ∈ Set∆, as discussed in the introduction. We can see this result as a
first step towards generalizing the work in the unmarked case to the marked
one.
For K,S ∈ Set∆, p : S → K a map in Set∆, there exists some K/p ∈ Set∆
defined by:
HomSet∆(L,K/p) = Hom(L ⋆ S,K)
for all L ∈ Set∆, where on the right hand side we consider only those maps
L ⋆ S → K in Set∆ whose restriction to S is just p. For C ∈ Cat∞, if
p : ∆n → C classifies an n-simplex σ of C, then write C/σ for C/p. In partic-
ular, if p = [0] = ∆0 → C is a point X of C, then write C/p = C/X and if
p : ∆1 → C is a morphism f : x→ y in C, then write C/p = C/f .
6
With those notations, if p : X → K is an inner fibration of simplicial
sets, an edge u : x→ y of X is said to be p-cartesian if the induced map:
X/u → X/y ×K/p(y) K/p(u)
is a trivial Kan fibration.
Now one says a map p : X → K in Set∆ is a Cartesian fibration if it
is an inner fibration, and if in addition for all u : x→ y in K, for any vertex
y0 of X such that p(y0) = y, there is a p-cartesian edge u0 : x0 → y0 of X
such that p(u0) = u.
One defines a marked simplicial set to be a simplicial set X along
with a set E of edges of X (called marked edges) which contains all degen-
erate edges. A map f : (X, E) → (X ′, E ′) of marked edges is just a map
f : X → X ′ of simplicial sets such that f(E) ⊆ E ′. One denotes the cate-
gory of marked simplicial sets by Set+∆. If K ∈ Set∆, we denote by K
∀ the
marked simplicial set K for which all its edges are marked. In particular
for K ∈ Set∆, (Set
+
∆)/K∀ is denoted (Set
+
∆)/K . If p : X → K is a Cartesian
fibration in Set∆, we denote by X
cart the marked simplicial set X where we
have kept as marked edges its p-cartesian edges only.
Now Set+∆ is cartesian closed, so for all X, Y ∈ Set
+
∆ there is an internal
object Y X . We denote by Y X the underlying simplicial set of Y X , and by
Map∀(X, Y ) the marked simplicial set (Y X)∀. As proved in [Lu1], we have
that for p : X → Y ∈ (Set+∆)/K , the following two conditions are equivalent:
for any cartesian fibration L→ K, the induced map:
(Lcart)Y → (Lcart)X
is an equivalence in Cat∞, and the induced map:
Map∀(Y, Lcart)→ Map∀(X,Lcart)
is a homotopy equivalence in Kan, the category of Kan complexes. Finally,
a map p : X → Y in (Set+∆)/K satisfying those equivalent conditions will be
referred to as a Cartesian equivalence.
There is a left proper, combinatorial model structure on (Set+∆)/K called
the Cartesian model structure ([Lu1]), whose cofibrations are those maps
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in (Set+∆)/K whose underlying maps on the underlying simplicial sets are cofi-
brations, weak equivalences are Cartesian equivalences, and fibrations are as
usual those maps that have the right lifting property with respect to weak
cofibrations. Observe, as this was our aim, that X ∈ (Set+∆)/K with this
model structure is fibrant if and only if it is equivalent to some Lcart for
L→ K a Cartesian fibration. Note that (Set+∆)/K is a simplicial model cat-
egory.
5 Marked Quillen equivalence
We have to introduce a bit of notation first. For K ∈ Set∆, X ∈ (Set∆)/K ,
f : C[K]→ Cop, σ : ∆n → MapCop(C,D), denote by σ
∗ the following induced
map:
StfX(D)n = MapΓ(D, ∗)n → MapΓ(C, ∗)n = (StfX)(C)n
where:
Γ = C[X⊲]
∐
C[X]
Cop
as introduced in Section 3. Indeed, if we have C → D ∈ Cop, this induces
MapΓ(C, ∗) ← MapΓ(D, ∗). In particular for σ ∈ MapCop(C,D)n, one has
the induced map σ∗ as defined above.
Now let c : ∆0 → X , for X ∈ (Set∆)/K . Then consider:
∆0
++
c
// X

O
O
O
// K

O
O
O
C[X ] // C[K]
f
// Cop
Let C be the object of C thus obtained. One can extend this map as follows:
c ⋆ id∆0 : ∆
1
++
// X⊲

O
O
O
C[X⊲] // Γ = {Cop → ∗}
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where we have morally identified Γ with the set of maps Cop → ∗ to empha-
size that c ⋆ id corresponds to a map C → ∗, element of StfX(C), denoted c˜.
Now consider an edge of X as in:
∆1
U
++
u
// X

O
O
O
// K

O
O
O
C[X ] // C[K]
f
// Cop
giving rise to U : C → D in Cop. One can extend this to:
f ⋆ id∆0 : ∆
2
**
// X⊲

O
O
O
C[X⊲] // Γ
where the dotted map corresponds to:
C
c˜

❅❅
❅❅
❅❅
❅❅
U
// D
d˜⑦⑦
⑦⑦
⑦⑦
⑦⑦
∗
along with a map u˜ : c˜→ d˜ ◦ U = U∗d˜.
Now for u : d → e an edge of X , one has a corresponding diagram as
above:
D
d˜ ❅
❅❅
❅❅
❅❅
❅
U
// E
e˜
⑦⑦
⑦⑦
⑦⑦
⑦⑦
∗
in StfX(D), along with a map u˜ : d˜→ e˜ ◦ U = U
∗e˜, i.e. u˜ ∈ StfX(D)1. For
σ : ∆1 → MapCop(C,D), one therefore has an induced map σ
∗ : StfX(D)1 →
StfX(C)1. Define Ef(C) = σ
∗StfX(D)1, where it is understood here that
we take the pullbacks of all those u˜ in StfX(D)1 as defined above. This leads
to defining:
St+f (X, E) : C → Set
+
∆
C 7→ (StfX(C), Ef(C))
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There exists a right adjoint Un+f to St
+
f :
St+f : (Set
+
∆)/K ⇄ (Set
+
∆)
C : Un+f (1)
a Quillen adjunction, where (Set+∆)/K is endowed with the Cartesian model
structure and (Set+∆)
C with the projective model structure. This adjunction
is furthermore a Quillen equivalence if f : C[K] → Cop is an equivalence of
simplicial categories ([Lu1]).
6 Simplicial localization of Set+∆
With a view towards taking a localization of the above Quillen equivalence
(1), we need a notion of localization of Set+∆. In [TV1], [T], Toen and Vezzosi
denote the simplicial localization ([DK1]) LSet∆ of Set∆ by Top. We define
its marked counterpart. In order to do so we start from [DK1], and we adapt
their construction to Set+∆.
The free category on Set+∆ is the category FSet
+
∆ ∈ Cat∆ with a generator
Fφ for every non-identity map φ ∈ Set+∆. This construction comes with
two functors D : FSet+∆ → Set
+
∆ and U : FSet
+
∆ → F
2Set+∆ satisfying the
usual comonad conditions. With this in hand we can define the standard
free resolution of Set+∆ to be the simplicial object F∗Set
+
∆ with FkSet
+
∆ =
F k+1Set+∆ ∈ Cat∆ with face and degeneracy operators given by:
di : F
k+1Set+∆
F iDF k−i
−−−−−→ F kSet+∆
and:
si : F
k+1Set+∆
F iUF k−i
−−−−−→ F k+2Set+∆
Observe that we have a weak equivalence of bi-simplicial categories:
F∗Set
+
∆ → Set
+
∆
given by:
F k+1Set+∆
Dk+1
−−−→ Set+∆
To localize F∗Set
+
∆, we need a notion of weak equivalence on Set
+
∆. Recall
from [GJ] the definition of the simplicial category ∆ ↓ K of a simplicial
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set K: its objects are maps σ : ∆n → K with arrows being commutative
diagrams:
∆n
Ξ

σ
!!❈
❈❈
❈❈
❈❈
❈
K
∆m
τ
==④④④④④④④④
(2)
which gives an isomorphism K ∼= colim∆n where the colimit is taken over
all morphisms ∆n → K in ∆ ↓ K. This enables one to define the geometric
realization of K as |K| = colim |∆n| ∈ Top where the colimit is over the same
maps ∆n → K. Now for K+ = (K, E) ∈ Set+∆, using the same morphisms
(2), one has σ(∆n)∩E = τ ◦Ξ(∆n)∩E , i.e. E|σ∆n = E|τ◦Ξ∆n, hence the right
vertical map in the diagram below is a morphism of marked simplicial sets:
∆n

σ
// (K, E)
idK

∆m τ
// (K, E)
It seems one could define the simplicial category ∆ ↓ K+ as in the unmarked
case. However we are really only keeping those simplices σ : ∆n → K who
have an edge in E , i.e. those n-simplices in Kn ×K1 E . This allows us to
define the simplicial category ∆ ↓ K+ as the category whose objects are
maps σ : ∆n × ∆1 → (K, E), elements of Kn ×K1 E , and morphisms are
commutative diagrams:
∆n ×∆1
Ξ

σ
&&▲
▲▲
▲▲
▲▲
▲▲
▲
(K, E)
∆m ×∆1
τ
99rrrrrrrrr
which allows us to define the geometric realization of K+ as:
|(K, E)| = colim |∆n ×∆1|
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where the colimit is taken in (Set+∆)/K , over those σ : ∆
n × ∆1 → K in
Kn×K1E . Weak equivalences in Set
+
∆ between marked simplicial sets are then
those maps that induce weak homotopy equivalences between their respective
realizations. Let W+ be the set of weak equivalences in Set+∆. With this
notion of equivalence we have a functor:
F∗Set
+
∆ → F∗Set
+
∆[(F∗W
+)−1]
defined levelwise. We then define:
Top+ = L(Set+∆) = diagF∗Set
+
∆[(F∗W
+)−1]
7 Equivalence of models for natural phenom-
ena
Applying the Quillen equivalence (1) to the case where C = C[K]op one
obtains a Quillen equivalence:
St+ : (Set+∆)/K ⇄ (Set
+
∆)
C[K]op : Un+
In [Lu1] it was proved that if C[K] → Cop is an equivalence in Cat∆, then
one has a Quillen equivalence:
(Set+∆)
C[K]op
⇄ (Set+∆)
C
We wish to prove the converse, namely that if we have such an equivalence,
then the two simplicial categories we started from are equivalent. This we
do after simplicial localization. We construct this equivalence as:
L(Set+∆)/K
≃
−→ L(Set+∆)
C[K]op ∼=−→ L(Set+∆)
C
7.1 Isomorphism of Segal categories of pre-stacks
According to the strictification theorem ([HS], [T], [TV3]), we have an equiv-
alence of Segal categories in SePC:
L(Set+∆)
C ≃ RHom(LC,Top+) (3)
hence an isomorphism in Ho(SePC). We use the isomorphism since Segal
categories are objects of Ho(SePC), and their morphisms are in Ho(SePC).
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Here RHom is the derived internal Hom in Ho(SePC), with Hom the internal
Hom in SePC, the category of Segal pre-categories (see [TV1] for notations).
We will prove L(Set+∆)
C ≃ L(Set+∆)
C′ implies LC ≃ LC′ in SePC. For this we
use the following result ([Hi]): if M ∈ Cat∆, f : X → Y a morphism in M
where both X and Y are cofibrant, then f is a weak equivalence if and only
if for any fibrant Z ∈M the induced map f ∗ : Map(Y, Z)→ Map(X,Z) is a
weak equivalence in Set∆. Here SePC is a simplicial model category to which
we apply this result. Observe that morphisms of Segal categories are defined
via the derived internal hom RHom in Ho(SePC), while we denote by Map
the mapping space object of SePC. The equivalence L(Set+∆)
C ≃ L(Set+∆)
C′
in SePC, induces an isomorphism in Ho(SePC). Further (3) above gives us
another isomorphism in Ho(SePC). Combining both:
RHom(LC,Top+)
∼=

∼=
Ho(SePC)
// RHom(LC′,Top+)
∼=

RHom(QLC, RTop+) RHom(QLC′, RTop+)
where we have taken cofibrant and fibrant replacements. Hence we have an
equivalence in SePC:
Hom(QLC, RTop+) ≃ Hom(QLC′, RTop+)
which allows us to write, for D ∈ SePC:
Map(QD,Hom(QLC, RTop+))
≃

≃
//Map(QD,Hom(QLC′, RTop+))
≃

Map(QD ×QLC, RTop+)
≃

Map(QD ×QLC′, RTop+)
≃

Map(QLC,Hom(QD,RTop+)) Map(QLC′,Hom(QD,RTop+))
where we have used that RHom(A,B) ∼= Hom(A,RB) in Ho(SePC). We
conclude QLC ≃ QLC′ in SePC, and since Segal categories are cofibrant in
SePC, we can write LC ≃ LC′. Applying this to the case C′ = C[K]op in
particular, we have L(Set+∆)
C[K]op ∼= L(Set+∆)
C in Ho(SePC) implies an equiv-
alence LC[K]op ≃ LC in SePC.
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7.2 Quillen equivalence (Set+∆)/K ⇄ (Set
+
∆)
C[K]op
Since we have a Quillen equivalence (Set+∆)/K ⇄ (Set
+
∆)
C[K]op, their hammock
localizations are weakly equivalent ([DK3]), i.e. they are connected by a zig-
zag ([Hi]) of weak equivalences, which correspond to equivalences of Segal
categories. Further if C ∈ Cat∆, then diagL
HC ≃ LC ([DK1]). Collecting
things, we have an induced weak equivalence shown below as a dotted map:
L(Set+∆)/K
≃

≃
// L(Set+∆)
C[K]op
≃

diagLH(Set+∆)/K ≃
// diagLH(Set+∆)
C[K]op
which then gives us an isomorphism in Ho(SePC):
L(Set+∆)/K
∼=
−→ L(Set+∆)
C[K]op
Combining things, we have proved:
Theorem 7.1. If L(Set+∆)/K
∼= L(Set+∆)
C in Ho(SePC), then LC[K]op ≃ LC
in SePC.
Note that there are really two statements in this theorem, the first being
that L(Set+∆)
C[K]op ∼= L(Set+∆)
C implies the equivalence of the Segal categories
LC[K]op ≃ LC, or in other terms both Segal categories are equivalent as a
consequence of giving rise to the same Segal categories of pre-stacks. The
second statement is that K being fixed, the two equivalent Segal categories
L(Set+∆)
C[K]op and L(Set+∆)
C are further weakly equivalent to L(Set+∆)/K , be-
ing dependent upon K via the equivalence LC[K]op → LC. Prestacks are
valued in Top+, where phenomena take place, so K in L(Set+∆)/K appears
as a simplicial set relative to which phenomena are considered. This consti-
tutes a sort of relativity principle; picking K gives a point of view, relative
to which Segal categories LC giving rise to the same phenomena as those of
L(Set+∆)
C[K]op are equivalent to LC[K]op.
7.3 Determining K in L(Set+∆)/K
Recall that RHom(dk-Affop,Top) = RHom(L(sk-CAlg),Top) = d̂k-Aff is
the Segal category of prestacks on L(sk-CAlg) ([TV1]), which we regarded
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in [RG1] and [RG2] as modeling physical laws. Letting C = sk-CAlg, one
may ask what reference simplicial set K would such an algebra correspond
to. More generally, C ∈ Cat∆ being given, what point of view K corre-
sponds to such a category? Recall from [Lu1] that one has a Quillen adjunc-
tion C : Set∆ ⇄ Cat∆ : N , hence for any C ∈ Cat∆, a weak equivalence:
LC(N(RCop)) → RCop. Since every object of Set∆ is cofibrant, we have an
equivalence C[K]op → RC with K = N(RC) ([Ho]) in Cat∆. We have a weak
cofibration C → RC, hence:
C[K]op
≃
##
≃
// RC
C
≃
OO
hence C[K]op is weakly equivalent to C in Cat∆, so we have an isomorphism
LC[K]op → LC in Ho(SePC), which induces isomorphisms:
RHom(LC[K]op,Top+)
∼=

∼=
// RHom(LC,Top+)
∼=

L(Set+∆)
C[K]op
∼=

L(Set+∆)
C
L(Set+∆)/K = L(Set
+
∆)/N(RC)
as follows from the marked Quillen equivalence of Lurie ([Lu1]) after simpli-
cial localization.
7.4 Physical phenomena
To push the result of Theorem 7.1 further, physical phenomena occur in
Segal topoi of stacks, not prestacks, so one has to localize those equiva-
lences. One needs to first put a topology on the Segal categories LC[K]op
and LC. Recall from [TV1] that a topology on LC is a Grothendieck topol-
ogy on its homotopy category Ho(LC). Let τ be one such topology. Denote
(LC)op by AffC, and Aff
∼,τ
C
= LBousRHom(LC,Top
+), the Segal category of
stacks on AffC, where the Bousfield localization is with respect to hypercov-
ers for the topology τ . Now the equivalence LC[K]op
≃
−→ LC in SePC gives
15
an isomorphism in Ho(SePC), and in particular an isomorphism of homo-
topy categories Ho(LC[K]op)
∼=
−→ Ho(LC), so a Grothendieck topology τ on
Ho(LC) corresponds to a Grothendieck topology τ ′ on Ho(LC[K]op), hence
a Segal topology on LC[K]op, which allows to take simultaneous Bousfield
localizations as in:
RHom(LC[K]op,Top+)
LBous

∼=
// RHom(LC,Top+)
LBous

LC[K]∼,τ
′ ∼=
// Aff∼,τ
C
From the top isomorphism then, we have isomorphic phenomena, modeled
by Segal topoi of stacks on the bottom row, which correspond to equivalent
Segal categories LC[K]op and LC according to Theorem 7.1. Note as an aside
that this implies we do not have a unique set of natural laws, but a homo-
topical class of such laws.
To summarize, we have an isomorphism of Segal topoi of stacks, concur-
rently with an equivalence of simplicial sites, both of which follow from an
isomorphism in Ho(SePC) of Segal categories of pre-stacks. We regard this
formalism as a roof diagram:
L(Set+∆)
C[K]op
LBous
ww♥♥
♥♥
♥♥
♥♥
♥♥
♥♥
∼=
//
''
L(Set+∆)
C
LBous
ww♦♦
♦♦
♦♦
♦♦
♦♦
♦♦
$$
(LC[K])∼,τ
′ ∼=
// Aff∼,τ
C
LC[K]op
≃
// LC
which we interpret as a weak universality of natural laws.
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